1 Problem 1:

Second-Order Taylor Expansion

The new length of the spring is:

L= {a= 2P + (0= )

Or consider a function:
flz,y) =+ (a—z)*+y?

The second-order Taylor expansion of a binary function f(x,y) around (xq,yo) is:
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Here, f(x,y) = Li(z,y), (x0,y0) = (0,0), and Az = z, Ay = y (displacements from
equilibrium).

Substitute (z,y) = (0,0) into Li(x,y):

£(0,0) = L1(0,0) = /(a— 02+ 2 =a

First, rewrite Ly(z,y) as [(a — 2)2 + y?]"/? for differentiation.
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Using the chain rule % lg(x, y)]l/ lg(x, y)]_1/2 . g—g, where g(x,y) = (a — 2)* + y*:
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Substitute (z,y) = (0,0):




Differentiate % = ———2=__ with respect to y:
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Calculate Potential Energy U

Based on this, we get Al1:L1—10:(a—x+£)—l0:(a—lo)—x+%
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Uy = (U + Uy) + (Us + Uy)

k(a — lo)yQ} . {k?ﬁ | hla- zo)ﬁ]

= 2k(a — 1p)* + {k‘xQ + .
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We don’t care constant here, soUy; = k - @@2 +y) =1 2k(2a — by) r? = tk'r?
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Force

F = —VUs0 we get F, = —% = —k'z similarly F, = —k'y.

2 Problem 2

We have mZ(t) = p,gS(Asin(wt) — z(t)), consider k = p,,gS, ws =
sion for classical forced vibration:

k

-, we get the expres-

) pwgSAsin(wt) , g
t 2.04) = =2
Z(t) + wiz(t) p- Wy = 7

gA

. The stable solution is z(t) = Z sin(wt — ¢), Z = —L—. Now we can write description:
0
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1. w < wp, ¢ = 0,two wave in same phase.
2. w > wp, » = m,two wave in opposite phase.

3. w = wy, resonance.

Problem 3

1(a) F(t) = Fyfort >0

We need solve: -
t
i+7i‘—|—w§x:# (1)

The homogeneous equation (F'(t) = 0) has solutions:
z,(t) = e P (O} cos wt + Cy sinwt)

B =7/2 and w = Jwi — 2. Tosimplifythequestion, hereweonlydiscussy/2 < w For
constant F'(t) = Fj, assume a constant particular solution z,(t) = A, we have

F F E
0+04wid=—" = A=-"L=2"
m mwg k
Initial conditions:
z(0) =0, #(0)=0
x(0) = 0:
I I
0=e"(C1cos0+ Cysin0) + ?0 = (= —?O
#(0)=0:

i(t) = —Be (O} coswt + Cysinwt) 4+ e P (—wC sin wt + wCs cos wt)

F
0= —BCi+wCy — Cy= Loy =P
w kw
Final Solution .
x(t) = ?0 [1 —e P (cos wt + b sin wt)] (2)
w

1(b) F(t) = Fycoswyt for t >0

Homogeneous Solution Same as 1(a): x,(t) = e P/(C} coswt + Cy sinwt).



Particular Solution Assume z,(t) = B coswot + D sinwyt. Substitute into (1):
Compute derivatives:

Tp = —wo B sinwyt + woD cos wopt
i, = —wg B cos wot — wi D sin wyt
Substitute into (1) with F(t)/m = F, cos wot/m:

(—wiB cos wyt — wi D sin wyt)

+ v(—woB sin wot + woD cos wot)

F
+ w3 (B cos wot + D sinwgt) = ~9 coswpt
m
Simplify (cancel w? terms):
. Fy
Ywo D cos wot — ywo B sin wyt = — cos wyt
m

Equate coefficients:
- coswpt: ywoD = Fy/m — D = _Fo

mryw
- sinwpt: —ywoB =0 — B =0 ’

Thus, x,(t) = m{:?uo sin wot.

Complete Solution and Initial Conditions Complete solution: x(t) = e #*(C} cos wt+

. FO .
Cosinwt) + 28 sin wt.

Apply z(0) = 0:

0= Cl +0 = Cl =0
Differentiate x(t):

F
i(t) = e P [~ BCysinwt + wCy cos wt] + 0o
mywo
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Apply %(0) = 0:
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Final Solution

+(0) Iy (sinwot e_ﬂtsinwt>
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Part 2: Frequency for Maximum Amplitude

For long times, transient terms (e~?!) vanish. For F' = Fjcoswt, assume steady-state
solution:

zp(t) = A(w) cos(wt — @)

Substitute into (1),we have

[—Aw? cos(wt — ¢)] + v [ Awsin(wt — ¢)] + wg [A cos(wt — ¢)] = % coswt



Group terms by cos(wt — ¢) and sin(wt — ¢):
A (w§ — w?) cos(wt — ¢) — Aywsin(wt — ¢) = % cos wt (4)
Use the cosine addition formula:
coswt = cos(wt — ¢) cos ¢ — sin(wt — @) sin ¢
Substitute into Eq. (4):
A (w§ — w?) cos(wt — ¢) — Ayw sin(wt — ¢)
= % [cos(wt — ¢) cos ¢ — sin(wt — @) sin @]

For equality to hold for all ¢, coefficients of cos(wt — ¢) and sin(wt — ¢) must match on
both sides:
1. Coefficient of cos(wt — ¢):

E
A(wg —w?) = EO cos ¢ (5)
2. Coefficient of sin(wt — ¢):

E E
—Ayw=—"sing = Ayw = —sing (6)

m m

So we have:
F

Aw) = oy )

V= + (P
To maximize A(w), minimize the denominator D(w) = (w3 — w?)? + (yw)?.
Take derivative dD/dw = 0:
2(wh — W) (—2w) + 27*w =0

—dw(wi — w?) +27%w =0
For w # 0, divide by 2w:

2
2 7
:wo—?

—2wg —wW)+y =0 = °

Thus, the resonance frequency is:



3 Problem 4

1. Instantaneous Power and Average Power

Instantaneous Power P(t)
P(t) = F(t) - @(t).
i(t) = —Awsin(wt — @)
F(t) = Fycoswt, we have:
P(t) = Fycoswt - [—Aw sin(wt — ¢)]

= —FyAw cos wt sin(wt — ¢)

Using sin(a — ) = sinacos f§ — cos asin 3:
P(t) = —FyAw cos wt [sin wt cos ¢ — cos wt sin ¢
= —FyAwcos ¢ - cos wtsinwt + FyAwsin ¢ - cos® wt

Average Power (P)

The average over one period T = 27 /w is:

(P) = % /0 P(t)dt

Using trigonometric averages over a full cycle:
. L.
(coswt sinwt) = (5 sin 2wt) = 0

2
t = —
(cos” wt) 5

Only the second term survives:

1
(P) = FyAwsin ¢ - 3

. . . . o 28w .
For a damped oscillator, the phase shift satisfies sin ¢ = T and ampli-
tude A = %ﬁﬂw) (derived from steady-state analysis). Substituting these:
Ey 1 Fy
P\=F, .——2 . siné-=-2 2. 79 g
(P 0 2mpPw sin ¢ wsing 2 mpw 2mpPw sin ¢ sin g

Simplifying (using Fy = 2mfSwAsin ¢ from amplitude-phase relations):

(P) = mBuw?A?




2. Resistive Force and Power
The resistive force is fres = —2mp(t), so:
Pres(t) = | fres - &(t)] = 2mpBi(t)?
The average dissipation rate is:
(Pres) = 2mB(i(t)*)

Substituting @ (t) = —Awsin(wt — ¢) and using (sin®*(wt — ¢)) = 1:

1
(Pres) = 2mpB - A%w? - s mPBuw?A*

It matches (Ps) = (P).

3. Resonance of Average Power

Fo/m

From question 1, (P) = mBw?A?. Substituting the amplitude A = \/(wg_w2)2+(2ﬁw)2:

F§/m? _ BFEw?

D= @Bl m @ - @) T (2Fw)]

To maximize (P), consider the denominator D(w) = (wi — w?)? + (2w)?.
2

Take the derivative Z—I: =0, or we write f(w) = -%, we have:

;o 2wD(w) — w?D'(w)
A TIE

D'(w) = —4w(wj — w?) + 8F°w = 4w [—(wj — w?) + 27
For f'(w) =0,

0 =2wD(w) — w?D'(w)
= 2w((wg — w*)* + (2Bw)?) — W (dw(—(wf — w®) +25?))
= (w§ — w?)? +48%w* — 2% (—wi + w? +267)

_ 4 4

For w # 0, the maximum occurs at w* = wy:



