
Exercises and explanations of matrix 
multiplication, calculus, and ordinary differential 
equations (ODE)

 

 

matrix multiplication  
 

The definition of a matrix  

The  numbers are arranged into a table with  rows and  columns:

 

This is called an  matrix. 
When , matrix  is referred to as an  order matrix or an  order square matrix.

The scalar multiplication of a matrix  

The multiplication of a scalar  and a matrix  is defined as:

 

Question 1:  

Let , find  .

Solution1:  

 

The multiplication of matrices  

Let  be an  matrix and  be an  matrix. Then the product  is an  matrix. 
Denote it as , where the element  of the  row and the  column of  is the sum of the 
products of the  elements in the  row of  and the corresponding  elements in the  column of .

 

The diagram of matrix multiplication：



Specifically, let  be an  square matrix. Then, the notation  is referred to as the  power 
of  .

Question 2:  

Let

 

Find:

1.  

2. 

3. 

Solution 2:  

For :

 

For :

 

For :

 

Question 3:  

Let the matrices be defined as follows:

 



Find:

1. , 

2. , 

3. , 

4. , , 

Solution 3:  

For :

 

For :

 

For :

 

For :

 

For :

 

For :

 

For :

 

For :

 

For :

 

Thus, .



Question 4:  

Let the matrices be:

 

Find:

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

Solution 4:  

For :

 

For :

 

For :

 

For :

 

For :

 

For :

 



For :

 

For :

 

For :

 

Question 5:  

Let the matrices be:

 

Find:

1. 

2. 

3. 

Solution 5:  

For :

First, compute :

 

Next, compute :

 

Now, compute :

 

For 

First, we already know that .



Now, compute :

 

For 

First, compute  and .

For :

 

For :

 

Now, compute :

 

Thus,  .

 

 

 

 

calculus  
 

The General Form of a Taylor Series  

The general form of a Taylor series for a function  expanded around a point  is given by:

 

Alternatively, the general form can be written as an infinite sum:

 

Here:

 is the -th derivative of  evaluated at ,

 denotes  factorial,

 is the distance from the expansion point .



Question 1:  

Given the function $ f(x) = \sin(x) $: 

(a) Find the Taylor expansion of $ \sin(x) $ at  and write out the first three terms.

(b) Using the first three terms of the Taylor expansion, approximate $ \sin(0.1) $ ,  and compare the result with the 
actual value (give the actual value to four decimal places).

Solution 1:  

(a)

The general form of a Taylor series is:

 

For , we calculate its derivatives:

, so 

, so 

, so 

, so 

Substituting these into the Taylor series gives the first three terms for  at :

 

which simplifies to:

 

(b)

Substitute :

 

The actual value is , so the approximation is very close.

Question 2:  

Given the function $ f(x) = \ln(1+x) $: 

(a) Find the Taylor expansion of $ \ln(1+x) $ at  and write out the first three terms.

(b) Using the first three terms of the Taylor expansion, approximate $ \ln(1+0.2) $ ,  and compare the result with the 
actual value (give the actual value to four decimal places).



Solution 2:  

(a)

The general form of a Taylor series is:

 

For , we calculate its derivatives:

, so 

, so 

, so 

Substituting these into the Taylor series gives:

 

(b)

Substitute :

 

 

The actual value is , so the approximation is quite close.

Question 3:  

Given the function $ f(x) = e^x $: 

(a) Find the Taylor expansion of $ e^x $ at  and write out the first three terms.

(b) Using the first three terms of the Taylor expansion, approximate  ,  and compare the result with the actual 
value (give the actual value to four decimal places).

Solution 3:  

(a)

For , all the derivatives of  are equal to $e^x $, and at ,  for all . The Taylor series 
expansion is:

 

(b)

Substitute :

 



 

The actual value is , so the approximation is very accurate.

Here are the common 8 Taylor series expansions for frequently 
encountered functions:

 

1. Exponential Function $ e^x $:

 

2. Sine Function $ \sin(x) $:

 

3. Cosine Function :

 

4. Tangent Function  (for ):   

 

5. Natural Logarithm $ \ln(1+x) $ (for ):

 

6. Binomial Series  (for ):

 

7. Binomial Series  (for ):

 

8. Binomial Series  (for ):

 



Exercise lesson 1 1

Exercise lesson 1
Practices and solutions of vector multiplication, calculus calculation and ODE exercises.

Calculus calculation 微积分计算
Indefinite Integral

Definite Integral

Basic Integral Formulas 基本积分公式

f(x)dx =∫ F(x) + C

 f(x)dx =∫
a

b

F(x)∣
 
=a

b F(b) − F(a)



Exercise lesson 1 2

Example 1

The Method of Substitution for Integration 换元积分法
Let  , so  .

Indefinite integrals

Definite integrals

Example 2 

Simple substitution for Integration

Let  , then  

The substitution method for trigonometric functions

Let  , then  , so  .

e (1 −∫ x
 )dx =

 x

e−x

e dx −∫ x x dx =∫ −  2
1

e −x 2x + 2
1

C

cos  dx =∫ 2

2
x

 dx =∫
2

1 + cosx
 +

2
x + sinx

C

(  −∫
1 + x2

3
 )dx =
 1 − x2

2
3  −∫

1 + x2

dx
2  =∫

 1 − x2

dx
3arctanx − 2arcsinx + C

u = g(x) du = g (x)dx′

f(x)dx =∫ f(g(u)) ⋅∫ g (u)du′

 f(x)dx =∫
a

b

 f(u)du∫
g(a)

g(b)

u = x2 du = 2xdx

2xe dx =∫ x2
e du =∫ u e +u C = e +x2

C

u = 3x du = 3dx dx =  3
du

sin 3xdx =∫ sin u ⋅∫  =
3
du

 sin udu =
3
1

∫ −  cosu +
3
1

C = −  cos 3x +
3
1

C
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Integration by Parts 分部积分法

Example 3

Improper integrals 反常积分
1. Improper Integrals on an Infinite Interval

2. Improper Integrals with a Discontinuity or Singularity

An important improper integral

Ordinary Differential Equations (ODEs)
Ordinary Differential Equations ODEs) are equations that describe the relationship between 
an unknown function and its derivatives. A differential equation where the unknown function 
is a function of one variable is an ordinary differential equation.

u(x)v (x)dx =∫ ′ u(x)v(x) − u (x)v(x)dx∫ ′

xe dx =∫ x xe −x 1 ⋅∫ e dx =x xe −x e +x C

x sin xdx =∫ −x cosx + cosxdx =∫ −x cosx + sin x + C

ln xdx =∫ x ln x − x ⋅∫  dx =
x

1
x ln x − x + C

 f(x)dx =∫
a

∞

  f(x)dx
b→∞
lim ∫

a

b

  dx =∫
0

1

x2

1
  dx

ϵ→0+
lim ∫

ϵ

1

x2

1

 e dx =∫
−∞

+∞
−x2

2  e dx =∫
0

+∞
−x2

 π
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The general form

First-Order ODEs ⼀阶微分⽅程
� Differential equations with separable variables 变量可分离的微分⽅程

Example 1

Solution

The general solution to the equation

� Homogeneous differential equation ⻬次微分⽅程

Usually, the equation is simplified by introducing the variable substitution  , after 
which it is transformed into a method that can separate variables to solve.

Example 2

Solution

F(x,y,y ,y , … ,y ) =′ ′′ (n) 0

 =
dx

dy
xy

 dy =
y

1
xdx

 
dy =∫

y

1
xdx∫

ln ∣y∣ =  +
2
x2

C

y = Cex /22

 =
dx

dy
f  (

x

y
)

v =  

x
y

 =
dx

dy
 

x

x + y

 =
dx

dy
1 +  

x

y

d
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Set  , then  , so  .

Separate variables and integrate

� First-order linear differential equation ⼀阶线性微分⽅程

general solution

� Bernoulli's Equation 伯努利⽅程

convert to

Second-order ODEs ⼆阶微分⽅程
A second-order linear differential equation has the general form:

v =  

x

y y = vx  =
dx

dy v + x  

dx
dv

v + x  =
dx

dv
1 + v

x  =
dx

dv
1

dv =∫  dx∫
x

1

v = ln ∣x∣ + C

 =
x

y
ln ∣x∣ + C

y = x(ln ∣x∣ + C)

y +′ p(x)y = q(x)

y = e [ q(x)e dx +− p(x)dx∫ ∫ p(x)dx∫ C]

y +′ p(x)y = q(x)yn

y  +−n

dx

dy
p(x)y =1−n q(x)

a(x)y +′′ b(x)y +′ c(x)y = g(x)



Exercise lesson 1 6

If  , the equation is called a homogeneous second-order differential equation. 

If  , it is called a non-homogeneous equation.

� Constant Coefficient Second-Order Homogeneous Differential Equations 常系数⼆阶线
性⻬次微分⽅程

Characteristic equation

Two unequal real roots  , the general solution is:

Two equal real roots  , the general solution is:

Two conjugate complex roots  , the general solution is:

Example 3 Solving a Second-Order Linear Homogeneous Equation with Constant 
Coefficients

Characteristic equation

Solve the characteristic equation

The roots are   and  .

Write the general solution

Since the characteristic equation has two distinct real roots, the general solution is

g(x) = 0

g(x) = 0

ay +′′ by +′ cy = 0

ar +2 br + c = 0

r  =1  r  2

y(x) = C  e +1
r  x1 C  e2

r  x2

r  =1 r  =2 r

y(x) = (C  +1 C  x)e2
rx

r  =1,2 α ± βi

y(x) = e C  cosβx + C  sin βxαx ( 1 2 )

y −′′ 3y +′ 2y = 0

r −2 3r + 2 = 0

(r − 1)(r − 2) = 0

r  =1 1 r  =2 2

2
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Example 4 Solving a Second-Order Linear Homogeneous Equation with Complex Roots

Characteristic equation

Solve the characteristic equation

Write the general solution

Since the roots are complex, the general solution is

� Non-Homogeneous Second-Order Differential Equations ⾮⻬次⼆阶微分⽅程

For non-homogeneous equations of the form  , the general 
solution is the sum of the solution to the homogeneous equation   and a particular 
solution  

where   is the general solution to the corresponding homogeneous equation, and 
  is a particular solution to the non-homogeneous equation. 

Methods such as variation of parameters and undetermined coefficients are 
commonly used to find the particular solution.

Example 5 Solving a Non-Homogeneous Second-Order Linear Equation

Solve the homogeneous equation

y(x) = C  e +1
x C  e2

2x

y +′′ 4y = 0

r +2 4 = 0

r = ±2i

y(x) = C  cos 2x +1 C  sin 2x2

ay +′′ by +′ cy = g(x)
y  (x)h

y  (x)p

y(x) = y  (x) +h y  (x)p

y  (x)h

y  (x)p

y −′′ 3y +′ 2y = ex
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First, solve the homogeneous equation  . The characteristic equation 
is  , with roots   and  . So the general solution to the 
homogeneous equation is

Find a particular solution

After substituting and solving, we find that the particular solution is  .

Write the final general solution

Example 6 Non-Homogeneous Term with Trigonometric Functions

Find the general solution to the homogeneous equation

The corresponding homogeneous equation is

The characteristic equation is

Solving, we get  . So the general solution to the homogeneous equation is:

Find the particular solution

The non-homogeneous term is  . We assume the particular solution has the 
form:

Substituting this into the equation and solving gives  ,  . Therefore, the 
particular solution is:

y −′′ 3y +′ 2y = 0
r −2 3r + 2 = 0 r  =1 1 r  =2 2

y  (x) =h C  e +1
x C  e2

2x

y  (x) =p xex

y(x) = y  (x) +h y  (x) =p C  e +1
x C  e +2

2x xex

y +′′ 4y = sin 2x

y +′′ 4y = 0

r +2 4 = 0

r = ±2i

y  (x) =h C  cos 2x +1 C  sin 2x2

g(x) = sin 2x

y  (x) =p A cos 2x + B sin 2x

A = 0 B =  4
1

y  (x) =p  sin 2x
4
1
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Write the general solution

The total solution is

y(x) = C  cos 2x +1 C  sin 2x +2  sin 2x
4
1
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