Exercises and explanations of matrix
multiplication, calculus, and ordinary differential
equations (ODE)

matrix multiplication

The definition of a matrix

The m - n numbers are arranged into a table with m rows and i columns:

aix G2 -0 Qip
Q21 Q2 - Q2
(1)
Am1 Am2  *° Gmp
This is called an m - n matrix.
When m = n, matrix A is referred to as an n'® order matrix or an n*® order square matrix.
The scalar multiplication of a matrix
The multiplication of a scalar k and a matrix A is defined as:
kA = klaij] = [kay] (2)

Question 1:

A—13_2'3A
Let =g _4 5,f|nd.

Solution1:

4= (30 2o as) "o 2 ) @

The multiplication of matrices

Let A be anm - s matrix and B be an s - n matrix. Then the product AB is an m - n matrix.
Denote itas C' = AB = [Cj;]m.n, Where the element Cj; of the i*" row and the 5 column of C'is the sum of the
products of the s elements in the i*" row of A and the corresponding s elements in the 3% column of B.

S
Cij = Z aikbr; = anbij + aigbgj + - - + aisbs; (4)
k=1

The diagram of matrix multiplication:
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Specifically, let A be an n - n square matrix. Then, the notation A- A - -- - - A = AFis referred to as the k" power
of A.
Question 2:
Let

1 2 10 —4
A= , B= (5)
3 6 -5 2
Find:
1. AB

2. BA
3. A2

Solution 2:

For AB:

a( 0 N-GREE N6
BA = C?ﬁ _24) (:1% ?3) a (1(0—.51) fr1(:;)-.33 1(0—'52) fr2(:;)-}36) - (_12 _24> ()

1 2\ (1 2 1-142-3 1-24+2-6 14
A? = = N - (T ="T7A (8)
3 6/\3 6 3-1+6-3 3-2+6-6 21 42

For BA:

For A%

Question 3:

Let the matrices be defined as follows:

N R



Find:
1. AB=? BA ="
2. AC =?,CA ="
3. CB=? BC ="
4. A? =?,B> =?,C? =?

Solution 3:
For AB:

(D0 (G S e
For BA:

= (0 0) (o) - (W0hey) W) () o
For AC:

o=( ) 2= (ot o) =G o) e
For CA:

oa=(o 2)( o) (oorcany onrao)~(Go) 0
For CB:

5=, °)( o) (om-can o arcro) o) 09

For BC:
BC= ((: _01) <(1) _01) N <((()i.-11))1((_0i. 6(;) ((()@'..00))1((_01: .—_1;)) N ((1) (Z)> (15)

For A%:
D0 D 6D

For B2
() @)l )b ) e

For C%:

= )b (v corery) =l 1)1 o

Thus, A2=B2=C%?=1.



Question 4:

Let the matrices be:

Find:

AB =?
BA =?
AC =?
CA ="
CB =?
BC =?
A? =7
B? =7
C? =?

—_

W © N oo U A~ W N

Solution 4:

e For AB:

e For BA:

e For AC:

e ForCA:

e ForCB:

e For BC:

S = O

—_ o

S = O

—_ o =

—_ O =

o O

(== =)

[

o O

-t 0
0 —3
¢t 0
-t 0
0 —3
¢t 0
010
1 0 1
010
0 0
0 0
0 -1
010
1 01
010
-t 0
0 —3
0

[y
=)
|
—

0 — 0
=10 0 O
0 — 0

(19)

(20)

(22)

(23)

(24)



0 —i 0\ /1 0 O 000
BC=\|i 0 —i|foo o]=|: 0 ¢ (25)
0

(2 (]
0 i 0 00 -1 0 0
e For A%
01 0 10 1 01
A’=A-A=1|1 0 1|1 0 1]=]0 2 0O (26)
0 1 0 10 1 0 1
e For B%
0 —i 0 0 —i 0 -1 0 0
B*=B-B=|i 0 —i||li 0 —i|]={0 -2 0 (27)
0 i 0 0 i 0 0 0 -1
e ForC%
1 0 0 1 0 0 1 0 0
C*=C-C=|0 0 0 00 0]=]0o00 (28)
00 -1/ \0o 0 -1 0 0 1
Question 5:

Let the matrices be:

A:((l) —01)’ BZ(:{, 421) (29)

Find:

1. AB— BA

2. (AB)?

3. A’B?
Solution 5:

e For AB — BA:

First, compute AB:

AB= <(1) —01> <; 421> - (0 11 JlrJ(r—O1.)3-3 0-12. -2;(101.)4- 4> B <—13 —24> (30)

Next, compute BA:
A (1 2\ (1 O\ _(1-1+2:0 1-0+42-(-1)
-3 4)\0 -1/ \83-1+4-0 3-0+4-(-1)

Now, compute AB — BA:

AB - BA= (—13 —24> - @ :Z) N (—13_—13 —24_—((_—241)) N (—06 3) (32)

e For (AB)?

I
7N
w =
[
=N
~_
—
w
A
N—

1 2
First, we already know that AB = ( )



Now, compute (AB)? = AB- AB:
1 2 1 2 1-6 2-8 -5 —6
(AB) (—3 —4) (—3 —4) (—3 r12 6+ 16> ( 9 10) (33)

First, compute A% and B2.

e For A2B?

For A2

1 1 1

A2:A><A=< 0)( 0>:< 0) (34)
o —1)\o -1 0 1

B2:B><B=<3 4> <3 4):(3.114.2 3-214~4>:<175 2(2)) (35)

Now, compute A2B%
10 7 10 7 10
A2RB? — — 36
<0 1) <15 22) (15 22) (36)

For B

7 10
A2B2 —
Thus, (15 22).

calculus

The General Form of a Taylor Series

The general form of a Taylor series for a function f(z) expanded around a point z = a is given by:

"(a (3) a (n) a
f@) = @) + Fla)e—a)+ L@ e+ LD @y e LD oy s
21 3! n!
Alternatively, the general form can be written as an infinite sum:
o £(n)(q
@ =3I Do oy (38)
n=0 '

Here:

o f™(a)is the n-th derivative of f(z) evaluated atz = a,
¢ n!denotes n factorial,

e (x — a) is the distance from the expansion point a.



Question 1:

Given the function $ f(x) = \sin(x) $:

(a) Find the Taylor expansion of $ \sin(x) $ at x = 0 and write out the first three terms.

(b) Using the first three terms of the Taylor expansion, approximate $ \sin(0.1) $, and compare the result with the

actual value (give the actual value to four decimal places).
Solution 1:

(a)
The general form of a Taylor series is:

L PO L )

3
o1 3l o+ ...

f(=) = £(0) + £'(0)
For sin(x), we calculate its derivatives:
o f(z) =sin(z),so f(0)=0
o f'(z) = cos(z), 50 f'(0) = 1
o f"(z) = —sin(z), 50 f"(0) = 0
o f"(z) = —cos(z) sof"(0)=-1

Substituting these into the Taylor series gives the first three terms for sin(z) at z = 0:

sin(z) ~ z — 2—?
which simplifies to:
. z3
sin(z) ~ z — -
(b)
Substitute z = 0.1:
(0.1)° 0.001

sin(0.1) ~ 0.1 — =0.1- e 0.1 —0.0001667 = 0.0998333

6

The actual value is sin(0.1) ~ 0.09983, so the approximation is very close.

Question 2:

Given the function $ f(x) =\In(1+x) $:

(a) Find the Taylor expansion of $\In(1+x) $ at z = 0 and write out the first three terms.

(39)

(40)

(41)

(42)

(b) Using the first three terms of the Taylor expansion, approximate $\In(1+0.2) $, and compare the result with the

actual value (give the actual value to four decimal places).



Solution 2:

(a)

The general form of a Taylor series is:

f(x) = £(0) + f'(0)z + f”2(!0) z? + f”:;(!O) AR (43)

For f(xz) = In(1 + z), we calculate its derivatives:
F(0)=In(1+0)=0

f'(z) = t15.50 f(0) = 1

£"(2) = e 50 £1(0) = —1
f"(x) = i s0 £(0) = 2

Substituting these into the Taylor series gives:

In(l+2) ~ z — +%- (44)

(b)
Substitute = 0.2:

(0.2)2  (0.2)®

In(1+4+0.2) =~ 0.2 — 45

n(1+0.2) = (45)
0.04 0.008

=0.2 - 5 + —3 0.2 —0.02 + 0.00267 = 0.18267 (46)

The actual value is In(1.2) ~ 0.18232, so the approximation is quite close.

Question 3:

Given the function $ f(x) = eAx $:

(a) Find the Taylor expansion of $ eAx $ at & = 0 and write out the first three terms.

(b) Using the first three terms of the Taylor expansion, approximate e%?

value (give the actual value to four decimal places).

, and compare the result with the actual

Solution 3:

(a)

For f() = e, all the derivatives of f(z) are equal to $e~x $, and at z = 0, £ (0) = 1 for all n. The Taylor series
expansion is:

_1+x+2—?+§—?+ (47)
(b)
Substitute z = 0.2:
(02 | (02)°

251402+ (48)

2! 3!



0.04  0.008
=1+02+ == + —— =1+02+0.02+0.00133 = 1.22133 (49)

0.2

The actual value is e”* =~ 1.22140, so the approximation is very accurate.

Here are the common 8 Taylor series expansions for frequently
encountered functions:

1. Exponential Function $ eAx $:

. 132 333 oo "
e :1+w+§+¥+'”zgﬁ (50)
2. Sine Function $ \sin(x) $:
xS 565 CL'7 o) N m2n+1
Sln(a:)_a:—y—ky_W_F...—;(_) @n T D (51)
3. Cosine Function cos(z):
22 gt g6 00 g
cos(m)zl—?—kﬁ—ﬁ—% —;%(— ) o) (52)
4. Tangent Function tan(z) (for |z| < %)
x3 2x° 1727
t = —_—t —t — 53
an(z) =z + 3 + 5 + 315 + (53)
5. Natural Logarithm $\In(1+x) $ (for |z| < 1):
In(1 + ) A i( i1 2 (54)
n = _— — _— oo — — —_—
S T 2 n
6. Binomial Series ﬁ (for |z| < 1):
1 o0
: :1+m+x2+m3+---zzm” (55)
-z n=0
7. Binomial Series 1J+w (for |z| < 1):
1 o0
—1— 2 _ 3= —1)"x" 56
T2 T+t —z° + ;( ) (56)
8. Binomial Series (1 + )" (for || < 1):
-1 -1 -2
(1+x)":1+nw+M$2+n(n )(n )J:3—i—... (57)

2! 3!



Exercise lesson 1

Practices and solutions of vector multiplication, calculus calculation and ODE exercises.

Calculus calculation #f49it8

Indefinite Integral
/f(a:)da: =F(z)+C

Definite Integral

Basic Integral Formulas E&fI93 A

M |odz = ¢y (2)"1dx=fd.r=r+c=
(3) |2rde = Lo £ G —1), 6 [ e o . [ 0
B a+1 J 3
(5) a*dr=ﬁ+C(a>0.a#l); (6) [etdz = & 4L,
(7)|sin xdxr =—cos x4+ C, (8)|cos adr =sinx+C
(9)|tan 2dxz =—In | cos = |+ C, (IO)J.cot xdxr = In | sin x |4+ C,

(ll)jsec xdz = In | sec x + tan x |+ C, CIZ)Jcsc xdr =In| csc x—cot x |+ C,

(13) |sec!xdx = tan + C, (14)jcsc2.rdx =—cot x+ C,

(15)| 5——5dz = Larctan = +C, c15>j L dr=Lln|otE 40,
Ja' +ax a a a* —x° 2a a—zx
[ 1 R - dr 2

s —— e i (18)[.— i [l T
‘ va —x - T

Exercise lesson 1



Example 1

/em(l— i/g)da::/e‘”dx—/a:_%dm:em—2m% +C

/coszgdaczfl—l_;osxda:: :B+23ina:+0

3 2 dz dr .
/(1 22 JI_22 x2)d$ - 3/ 1+a2 2/ \/1—_7 = 3arctanz — 2arcsinz + C

The Method of Substitution for Integration #&JtfR 9%
Letu = g(z), so du = ¢'(x)dz.

Indefinite integrals

[tz = [ fatw)- o W

Definite integrals

Example 2
Simple substitution for Integration

Let u = 22, then du = 2zdz
/2we$2dw = /e“du =e'+C = v +C

The substitution method for trigonometric functions

Let u = 3z, then du = 3dx, so dx = d—?f‘.

/sin3:1:dzc:/sinu- d?u = %/sinudu:—%cosu+C:—%cos3m+C

Exercise lesson 1



Integration by Parts 43&BF24> %
/u(x)v'(x)dw = u(z)v(z) — /u'(x)v(m)dm
Example 3

/xemda:::re“’—/1-emdm:xe“’—em+0
/:csina:d:c:—:ccosa:+/cosxda:: —xcosx +sinx + C

/lnxdm:xlnx—/x~lda::mlnx—x—l—C’
T

Improper integrals 2 &8

1. Improper Integrals on an Infinite Interval

/f dz = lim abf()

2. Improper Integrals with a Discontinuity or Singularity
1

—da: = lim —dz

e—0+ J, x?

An important improper integral

+00 ) +00 )
/ e’“’da::2/ e “dr =7
- 0

o]

Ordinary Differential Equations (ODEs)

Ordinary Differential Equations (ODEs) are equations that describe the relationship between
an unknown function and its derivatives. A differential equation where the unknown function
is a function of one variable is an ordinary differential equation.

Exercise lesson 1



The general form

F(x7y7 ylaylla oo ’y(n)) =0

First-Order ODEs —Mitd 9> 5 1=
1. Differential equations with separable variables T &7 7 B2 H 12

Example 1
dy
— =
dx y
Solution
—dy = xdzx
Yy
/ 1
—dy = [ zdx
Yy
Inly|=—+C
The general solution to the equation
—C w2/2
y=_~Ce

2. Homogeneous differential equation 779 A1

dy_ (¥)

dz T
Usually, the equation is simplified by introducing the variable substitution v = % after
which it is transformed into a method that can separate variables to solve.

Example 2
dy x+y
dr =
Solution
dy Yy
~ -1+ Z
dx T

Exercise lesson 1



¥ — dy _ dv
Setv—m,theny—va:,so 7 VT T

Separate variables and integrate

1
/dv:/—da:
x
v=In|z|+C
=Inz|+C

z(ln |z| + C)

||H|(ﬁ

)

3. First-order linear differential equation —[fi 140 H 12
y +p(z)y = q(z)

general solution

y=e JION / q(@)e! "W* dz + C]

4. Bernoulli's Equation {H23F 572

Y + p(x)y = q(z)y

convert to

Second-order ODEs —iis> A1

A second-order linear differential equation has the general form:

a(z)y”" + b(x)y + c(z)y = g(z)

Exercise lesson 1



If g(x) = 0, the equation is called a homogeneous second-order differential equation.

If g(x) # 0, it is called a non-homogeneous equation.

1.

Exercise lesson 1

Constant Coefficient Second-Order Homogeneous Differential Equations R M

HFRMHHIE
ay’' +by +cy=0
Characteristic equation
ar’+br+c=0
 Two unequal real roots 71 # T2, the general solution is:
y(x) = C1e"? + Che™”
e Two equal real roots 71 = ry = 7, the general solution is:
y(@) = (C1 + Cox)e™
« Two conjugate complex roots 71 » = a % (1, the general solution is:
y(x) = e (C1 cos Bz + Ca sin Bx)

Example 3 Solving a Second-Order Linear Homogeneous Equation with Constant
Coefficients

y' -3y +2y=0
Characteristic equation
r?—3r+2=0
Solve the characteristic equation
(r—1)(r—-2)=0

Therootsarer; = 1 and ry = 2.
Write the general solution

Since the characteristic equation has two distinct real roots, the general solution is



2.

Exercise lesson 1

y(z) = Cre” + Cye*

Example 4 Solving a Second-Order Linear Homogeneous Equation with Complex Roots

Y +4y=0
Characteristic equation
r’+4=0
Solve the characteristic equation
r=+2

Write the general solution

Since the roots are complex, the general solution is

y(x) = C cos2zx + Cy sin 2z

Non-Homogeneous Second-Order Differential Equations JE55 R il 93 512

For non-homogeneous equations of the form ay’ + by’ + cy = g(z), the general
solution is the sum of the solution to the homogeneous equation yh(ac) and a particular
solution y,(z)

y(@) = yn(@) + yp(2)

where yp (x) is the general solution to the corresponding homogeneous equation, and
yp(z) is a particular solution to the non-homogeneous equation.

Methods such as variation of parameters and undetermined coefficients are
commonly used to find the particular solution.

Example 5 Solving a Non-Homogeneous Second-Order Linear Equation
yll - 3yl +2y: em

Solve the homogeneous equation



First, solve the homogeneous equation ¥ — 3y’ + 2y = 0. The characteristic equation
is 2 — 3r + 2 = 0, with roots 7 = 1 and 75 = 2. So the general solution to the
homogeneous equation is

yp(z) = Cre” + C,re*®

Find a particular solution
After substituting and solving, we find that the particular solution is y, (cc) = ze”.

Write the final general solution
y(z) = yn(x) + yp(x) = Cre® + Coe™ + z€”
Example 6 Non-Homogeneous Term with Trigonometric Functions
y" + 4y = sin 2z

Find the general solution to the homogeneous equation

The corresponding homogeneous equation is
1!
y +4y=20
The characteristic equation is
r24+4=0
Solving, we get r = +21. So the general solution to the homogeneous equation is:
yn(z) = C1 cos2z + Cy sin 2z

Find the particular solution

The non-homogeneous term is g(x) = sin 2z. We assume the particular solution has the
form:

Yp(x) = Acos2x + Bsin 2z

Substituting this into the equation and solving gives A = 0, B = i. Therefore, the
particular solution is:

1.
Yp(x) = 2 Sin 2z

Exercise lesson 1



Write the general solution

The total solution is
. 1 .
y(x) = C cos2zx + Cy sin 2z + 7 5o 2z

ER(FLESKEHTN-_MERMEHEFAMI FENTRD
BRI HRY +py Fay = P Mgk P 2 x m KEMEZ D .
85— 5w R A FE RO O B R Y ().
5 SRIZAEF KA AR T (o 2T
v (2) = 2*Q.(x)e™”
He Q. (x) h x Bym WL, RETFE .

Ly M a g ST REAE AR A5
2y M a N TIERAEAR
B2 FREY+py' +qy = P.(x)e“cos br B y"+ py' +qy = Q. (x)e* sin br 8
V' 4+ py" + gy = P.(x)e* cos br + Q,, () e“ sin br MR (CHob P (), Q) Sh x m W
2R LA
S — A 3% LT L, 5 R R A S UG 43 O TR ANGE A Y ().
A RZARSF IR AT H AR v (o) 2T
vy (2) = 2" (R, (x)e" cos br + S, (x)e” sin br)
HY R, (2),S,.(x) B x M m WEWHR, R E,
0, M a-t+ib RIREFFHEAR N
Lo ¥ e+ ib Jy S REAE AR A

{0- 4 a AR AEAR B
f\? =

% e

Exercise lesson 1
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