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Charged oscillator—the case of an electron

• Next, determine how much light needed in such a box at temperature T. The 
EM radiation from the oscillation motion can be understood as a damping 
term γ using our knowledge from classical mechanics. The energy radiated 
per unit time is

• Now the oscillator should have an average energy kT, the average amount of 
energy radiated per unit time:

• Suppose we have an electron oscillating up and down in an atom (charged 
oscillator), it radiates light. Its entire energy is kT---half kinetic, half potential. 

• We want thermal equilibrium, so we enclose it in a box (of mirrors) so that 
the light comes back, “heating up” the atom. 
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Scattering of light

• If the incident beam has the electric field 
E=E0eiω, the oscillation response will be:

• In Feynman Ch.32 (GP2) we will prove the 
radiation strength of a charge, which in turn gives 

total energy

Effective area

resonance

• Rayleigh Scattering cross-section: Case 1: unbound/low-frequency electron
= Thomson scattering -> 10−30 m2

classical electron radius

Case 2: light in the air  ω<< ω0

Rayleigh σ~ω4    for light blue=450nm, red=750nm 
(blue sky, red Sun…)
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Light absorption cross section

• Next we ask how much light must be shining on the 
oscillator.

• Let I(ω) be the intensity of light energy there is at 
frequency ω. How much radiation absorbed from a given 
incident light beam can be calculated it in terms of the 
product of I(ω) and the absorption cross section σs.

I(ω) determines the
color of a furnace at 
temperature T that we 

see when we open the 
door and look in the 
hole.

is the classical electron radius (c.f. Ch32).

(at ω -> ω0)

power

resonance
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Radiation in equilibrium

• Now we can equate the energy dissipated from oscillation 
and the energy returned as light absorption

• Since the electron can be viewed as an oscillator that can 
freely move in 3D, so 3 polarization of light gives 
dW/dt=3γkT, hence

solution

Q ~108 for a radiating atom can be 

derived from the Larmor formula:

So we simply take the I(ω) outside 

the integral sign and replace it 

with I(ω0). 

use
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Another cloud of 20th century physics: blackbody radiation

• This equation gives us 
the distribution of light 
in a hot furnace, 
the blackbody radiation. 

The blackbody intensity according to classical physics 

(solid curves) vs. the actual distribution (dashed curves).

Lord Rayleigh

• The good part, it is independent of the properties 
of the oscillator (charge, mass, etc.) , which only 
depend on the universal property at equilibrium—
the temperature. The bad part, it predicts a lot of 
x-rays in such black box, and that the total energy, 
integrated over all frequencies, is infinity!

• Wien curve only matches high-frequency 
radiation, which was summarized empirically. 

Incapability of classical theory 

Wilhelm WienWien

Rayleigh
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Planck’s “ansatz”

Max Planck found the right empirical formula to replace the kT, 
such that the function fits the curves from experiments. However, 
this takes a bold assumption, that the harmonic oscillator can take 
up energies only ℏω at a time, not any value.  Max Planck

Quantum mechanics replaces the 
probability e−Energy/kT of continuous energy 
classically with discrete steps of energy 
excess ΔE, so the probability goes down 
as e−ΔE/kT.
In 1900, Planck presented this idea at 
Deutsche Physikalische Gesellschaft (DPG), 
marking the beginning of the end of 
classical mechanics. He only provided an 
explanation afterwards…
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Planck's law and equipartition quantum oscillator

Let us make x=e−ℏω/kT, N1=N0x, N2=N0x2…Nn=N0xn, 
and energy of each state of the oscillator is 
En=nℏω. The average energy of the oscillator is 

=
ℏ𝜔 σ 𝑛𝑥𝑛

σ 𝑥𝑛
=

ℏ𝜔 𝑥𝑑 σ 𝑥𝑛 /𝑑𝑥

σ 𝑥𝑛
= ℏ𝜔

𝑥𝑑 𝑙𝑛 σ 𝑥𝑛

𝑑𝑥

= ℏ𝜔
𝑥𝑑 −ln(1−𝑥)

𝑑𝑥
= ℏ𝜔𝑥/(1 − 𝑥)

In a quantum oscillator

Now replace the classical “kT” with 

our new “quantum energy”

We have derived the very first 

quantum-mechanical formula.
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Therefore, the average

Random walk

In 1827, botanist Robert Brown discovered 
the Brownian movement, which he 
attributed to tiny plant pollen particles 
jiggling in water. The collisions are random, 
making it impossible to know where the 
particle is after a long time. But we can still 
ask, on the average, how far away will it 
travel? 
Assume at N step, it moves from RN-1 to RN, 
with a vector L, s.t.

And by induction,

We can understand this as the 
random vector, L, adds up 
quadratically, not linearly 
(property of noise)
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Time dependence of a random walk

To add the time aspect, we need to consider the equation of motion, 
where μ can be determined directly from experiment 

Time average

Use

We have

The average squared distance traveled with random walk in 3 d.o.f., after time t

We used this to determine the 
Boltzmann’s constant in old days
(μ from fall speed)
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Other observations of Brownian noise

• A tiny mirror on a thin quartz fiber for a 
ballistic galvanometer (检流计), the angle 
will jiggle due to the thermal effects from 1) 
wire, and 2) ambient gases

• A high-Q resonant circuit at temperature T (left)
and an idealization (right): artificial noiseless 
resistor + thermal noise generator (G)

energy in a coil voltage fluctuation

= Johnson noise

The same principle of Blackbody radiation tells us that these effects are also quantum!!
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