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Charged oscillator—the case of an electron L

Suppose we have an electron oscillating up and down in an atom (charged
oscillator), it radiates light. Its entire energy is kT---half kinetic, half potential.
We want thermal equilibrium, so we enclose it in a box (of mirrors) so that
the light comes back, “heating up” the atom.

Next, determine how much light needed in such a box at temperature T. The
EM radiation from the oscillation motion can be understood as a damping
term y using our knowledge from classical mechanics. The energy radiated

er unit time is
P aw _ woW  wWrvy
dt Q Wy
Now the oscillator should have an average energy kT, the average amount of
energy radiated per unit time:

(AW /dt) = kT

YW.
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Scattering of light

* If the incident beam has the electric field
E=E,e'?, the oscillation response will be:

E
de L Incident beam

m(w% w2+ ’5’7‘*’) (unpolarized) / ‘ \

* In Feynman Ch.32 (GP2) we will prove the
radiation strength of a charge, which in turn gives

T =

Scattered radiation

Effective area ro = e? — 9282 %105 m
1 4 2
P = (5GOCE§)(8WTg/3)[w /(wz B w%)z T 72w2] cir;s%iccal electron radius

total energy resonance

* Rayleigh Scattering cross-section: Case 1: unbound/low-frequency electron
) = Thomson scattering -> 10730 m?
8mry wt . : .
o5 = ( 5 ) Case 2: light in the air w<< w,
3 \(w? — wp)? + y2w? . ,
Rayleigh o~w#* for light blue=450nm, red=750nm
— (blue sky, red Sun...)




Light absorption cross section

Next we ask how much light must be shining on the
oscillator.

Let I(w) be the intensity of light energy there is at
frequency w. How much radiation absorbed from a given
incident light beam can be calculated it in terms of the
product of I(w) and the absorption cross section o..

T power
2
8mr; wt
Ts = 3 2 22 2,,,2
(w? — wp)? + 7w resonance
27r'r%w(2)
Os = (at w -> wy)

3[(w —wo)? +~2/4]

2

= 2.82 x 10~ m. is the classical electron radius (c.f. Ch32).

W) gnA%

I(w) determines the
color of a furnace at
temperature T that we
see when we open the
door and look in the
hole.



Radiation in equilibrium
* Now we can equate the energy dissipated from oscillation
and the energy returned as light absorption

aw, [ > 2mrjwil(w) dw
7 _/O I(w)o(w) dw —fo 3w — @) + /4]

* Since the electron can be viewed as an oscillator that can

W) gnA%

freely move in 3D, so 3 polarization of light gives
dW/dt=3yKT, hence
dw

2 o0
= 21 = 3vkT
3'”7'0""0 (WO),/O (w — wg)? + ~2/4 v

fx’ dw o
use o (w—wp)?+a? @

Q ~108for a radiating atom can be
derived from the Larmor formula:

2, 4,2
F Chad

P = _
6megc?
So we simply take the I(w) outside
the integral sign and replace it
with 1(w,).

VKT ro- ;
solution I(wo) — % e I(w) _ w*kT
"Yi —_—
Q 3 ¢
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Another cloud of 20t century physics: blackbody radiation

S2kT * This equation gives us
I(w) = | Ravleigh the distribution of light
in a hot furnace,
3 « he black radiation.
I(w,T) = 4hL: 5 —hw/(2mkT) Wien the blac bOdy adiatio Wilhelm Wien Lord Rayleigh
mC

 The good part, it is independent of the properties
of the oscillator (charge, mass, etc.) , which only
depend on the universal property at equilibrium—
the temperature. The bad part, it predicts a lot of
x-rays in such black box, and that the total energy,
integrated over all frequencies, is infinity!
w * Wien curve only matches high-frequency

I | . -
RADIO [ IR| VISIBLE [ UV | X-RAYS radiation, which was summarized empirically.

The blackbody intensity according to classical physics - .
(solid curves) vs. the actual distribution (dashed curves). Incapability of classical theory @




Planck’s “ansatz’

Max Planck found the right empirical formula to replace the KT,

such that the function fits the curves from experiments. However,
this takes a bold assumption, that the harmonic oscillator can take
up energies only Aw at a time, not any value. Max Planck

Quantum mechanics replaces the
.‘ probability e"Enerey/kT of continuous energy

\ EF St classically with discrete steps of energy
\/ excess AE, so the probability goes down

\  EEAE AL as e AE/KT,

\\/ In 1900, Planck presented this idea at

\ o KR Deutsche Physikalische Gesellschaft (DPG),
marking the beginning of the end of
classical mechanics. He only provided an
explanation afterwards...
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1 ° LIPR] o LUJ gﬁluﬁé’:
Planck's law and equipartition quantum oscillator
Na

Es = 4hw Py = Aexp(—4hw/kT)
Let us make x=e~"w/kT N, =Ngx, N,=Nx2...N_=Nx", N B =3hw P = Aexp(—3hw/kT)

and energy of each state of the oscillator is N E —2hw P = Aexp(—2hw/kT)
E.=nhw. The average energy of the oscillator is Ni = hw P = Aexp( —hw/kT)
(5 Bun _ Nohw(0+a+2 +320+ ) M— =0 A=A
Neot No(l+z+a2*+ad+-..)

Now replace the classical “kT” with
hw X, le" _ hoxd@ 1916”)/ X _ p o xd[In(X x)]  our new “quantum energy”
rx XX dx

2
I(w) = wz 2
— Aw xd[-In(1-x)] = hwx /(1 — x) T“C
ax - We have derived the very first
In a quantum oscillator (E) = ' quantum-mechanical formula.
ehw/kT _ 1

hw?® dw

I(w)dw =
m2c2 (ehw/kT — 1)




TELEE .
Random walk W &xx%

In 1827, botanist Robert Brown discovered S35
the Brownian movement, which he B

attributed to tiny plant pollen particles
jiggling in water. The collisions are random, Therefore, the average
making it impossible to know where the (R2) = (R, )+ L?
particle is after a long time. But we can still N N-1

ask, on the average, how far away will it And by induction,

travel? (R%) = NL?
Assume at N step, it moves from Ry, to R,
with avectorL,s.t. Ry = Ry_; + L

We can understand this as the
random vector, L, adds up
Ry-Ry =R% =R% , +2Ry_,-L+L* quadratically, not linearly
(property of noise)



Time dependence of a random walk

To add the time aspect, we need to consider the equation of motion,
where u can be determined directly from experiment

d2 dz Time average d? d
+p— = Fey - <mw—m>+u<md—:>=(fc1’m)

dt2 dt

Use mz— =m

d’e d[z(dz/dt)] m( dz )2

dt? dt dt
2
9 pod o d(z*) _ kT
_ ~ = =0 ., — 9
We have —(mv°) + T (z*) 7 p

The average squared distance traveled with random walk in 3 d.o.f., after time t

W) &nx%

t
(RZ) = 6KT — We used this to determine the

H Boltzmann’s constant in old days
(M from fall speed)
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Other observations of Brownian noise LUJ

e Atiny mirror on a thin quartz fiber for a

ballistic galvanometer (f&j711), the angle Jﬂ
will jiggle due to the thermal effects from 1) I
wire, and 2) ambient gases

1 2\ 1
EI&J%(Q > — EkT (a) (b)

(0%) = kT /1w

* A high-Q resonant circuit at temperature T (left) J‘C
-~ L ( i )
AAA
R

and an idealization (right): artificial noiseless L
resistor + thermal noise generator (G)

: (V) = L) R
LL(12) = 1T — " (V2) = LukT

energy in a coll voltage fluctuation (a) (b)
= Johnson noise

The same principle of Blackbody radiation tells us that these effects are also quantum!!
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