General Physics I

Lecture 13: Inertia Tensor

13.1 Inertia tensor for rotation about a point

Take the origin at a point fixed in an inertial frame, or at the center of mass with velocities
measured relative to it. The relation v = w X r then describes the rotational motion.
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Fig. 1: Angular velocity about an arbitrary axis through the chosen origin.
For rotation about the z-axis,
L,=1,w, L,=1I,w, L,=1,w=T1Luw.

For an arbitrary &,

Thus
L, Low Loy Ip.\ [we
Lyl = | Lye 1y 1y wy | =14,
L, L. I, I. W,
Lz Loy I Yo+ 2 —TalYa  —TaZa
I= |1, I, I,.|= Zma ~Yala Z2+T2  —YuZa
L, L, L. ° —Zala  —Zala  To YR

Here I, = Iy,. In I, a labels the component of L and b the component of &; for example,
I,.w, contributes to L,. Off-diagonal entries allow L and & to point in different directions.

Equivalently, L, = >, Iaws, with a,b € {z,y, 2z} and

Ly = Z Mq (riéab - Iaaxab) - /'0 (725‘117 - xaxb) dv!

15, =1 for a = b and 64 = 0 for a # b.
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13.2 Kinetic energy of fixed-point rotation

For rigid rotation,
T=0x7 = v=uwr?— (3 7?2

Thus 1
E,. = > za: mavi

= %Zma [w%*i — (- Fa)ﬂ
= % Zma [(wi + wl +wl) (@2 + Y2 + 22)
— (WeTo + WyYa + wzza)ﬂ
= % Zma [9%—1—9%—1—9%
+ Wy (Yo + 20) + w24+ 25) + w(7g + )

R Gl

— 2WaWyTaYa — 2WyWrYaZa — 2wzwxzaxa}

1
= [mefc + Iyl + Lo’

+ 2L wpwy + 21 wyw, + ZIZJ;wzwx} )
In matrix notation,
1 1. .

- §Wajabwb - 5

Here a,b € {z,y, z}, and repeated indices imply summation.
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13.3 Principal axes

The real symmetric matrix I has orthonormal eigenvectors é1, €, €3:
= Né,  Q=e & 6], QTQ=1.
For rotation about one of these axes,
G=wié; = L=N\wé | &.
In the principal-axis coordinates, both the inertia matrix and the angular-velocity compo-

nents transform:
Ipr = QTIQ = diag()\l, )\27 )\3)7

w1
Wpr = Q'w= 1w |, w = Qwy,.
w3
Therefore,

Ey = (prr)TI(QwPr)

= NI~ N
_|

w r(QTIQ)wPr

gl

9 ()\1(,0% + )\ng + )\3W§) 3

where (wq,ws,ws) are the components of & along the principal axes.

Example: a uniform cuboid with the origin at its center of mass and the z, ¥y, z axes parallel
to its edges:
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Fig. 2: A cuboid with principal axes through its center of mass.

L, 0 0
Ly=1I.=L,=0, I=|0 1, 0
0 0 L.

The x,y, z axes are principal axes.
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13.4 Example: inertia tensor of a solid cube

(1) Around the corner (take the cube of side a with one corner at the origin, uniform density
p)

¥
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0 a M = pa

Fig. 3: Uniform cube of side a with the origin at one corner.
Lo=p [ do [ dy [ s+ )
0 0 0
a’ a’
= R _|_ R
pa ( g0 tag )

2 2
= gpa“r’ = gMa2,

where M = pa? is the total mass. By symmetry,

For the products of inertia (off-diagonal terms),

zxy:_/o“dm/oady/oadzpmy:_p(/o“dm> (/O“dyy) (/d)
o (3) (o=

Similarly I, = I., = I, by symmetry for this corner choice. Therefore,

r2 117
3 4 4

T Ve
4 3 4

11 2

L 4 4 3

L13 | © Westlake University 4/5



General Physics I

If the cube rotates around the z-axis,

-1
0 4

W= 10 = L=DMdw —i
w 2

L 3

The nonzero transverse components make L and @ nonparallel.
(2) If the cube rotates around its center:

Now the origin is at the center of the cube, so z,y, z € [—a/2,a/2].

a/2 a/2 a/2
I, = ,0/ dx/ dy/ dz (y* + 2%)
—a/2 —a/2 —a/2
3

. CLS + a
BT RRRET

_pa®  Ma?
6 6
SO M
a
Lo = 1y = I.. = 6 ’ Loy =1y. = Ly = 0,
and therefore
Va2 1 00 Vo
a - a
6 010 G w
0 0 1

The inertia tensor I depends on the choice of origin and the orientation of the axes.

The cube's hidden isotropy

Would a central axis through a vertex give a different moment of inertia from one
through a face? For a unit direction n,
Ma? Ma?

n-n =

6 6

I =n-In=

Every axis through the center gives the same result. The cube has only discrete shape
symmetries, yet its second mass moment is isotropic: I = (Ma?/6)1. The rotational
kinetic energy of a rigid body depends only on the second moments of its mass distri-
bution.
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