General Physics I

Lecture 12: Rigid body (I) — fixed-axis rotation

+ Rotation around a fixed axis
¢ Moment of inertia

e Equation of motion of fixed axis rotation

12.1 What is a rigid body?

Fig. 1: A rigid body preserves all interparticle distances during rotation.
Rigid-body idealization.
The distance between any two points is fixed during the motion, i.e. no shape deformation.

How many degrees of freedom are needed to describe rigid-body motion? Let us count the
independent coordinates.

Particles Independent coordinates Rigid configuration

1 3 Point

2 6—-1=5 Line segment

3 9-3=6 Noncollinear triangle

4 6 Nondegenerate tetrahedron
N >3 6 General noncollinear body

3 translational degrees of freedom
3 rotational degrees of freedom
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General Physics I

12.2 Kinematics of fixed-axis rotation

Measure 7 from a fixed point O on the rotation axis. For the instantaneous velocity at
a point, write 7" = 7 + 7. 7 is the component parallel to the rotation axis, 7, is the

component perpendicular to the axis.

—

T=@X7 =dx (FL+7)) =dx7

Fig. 2: Only the displacement perpendicular to the fixed axis contributes to v = @ x 7.

12.3 Angular momentum about the fixed axis

N N
L:E li:E m;T; X U
i=1 i=1
U =W X 1y

T

Fig. 3: A mass element of a body rotating about the fixed z axis.
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In our case'

= (2] + ¥y + 2} ) w2 — w (@i + 29 + 2]2)

= —WZTT — WYY +w (%2 + 3/12) z

N
Lzzzmiw (7 +y}) = Lw, where]zzzmi(fff‘i‘y?)
i=1 i

For a continuous mass distribution, the moment of inertia is

L= [ plo.y2) (5 4 o?) dudyd
where p is the volume mass density.

Ly=—-0_,miziz)w=1I,w#0

Ly=—(Q_imiyizi)w= I, w#0
Here I, = — ), m;x;z; and I, = — >, my;%.

} in general

Example: If the fixed axis is not a principal axis of inertia (15 3%#) , L generally has

transverse components and is not parallel to &.

z

=T =~

i

L=mrxuv

Fig. 4: For rotation about a nonprincipal axis, L can have components perpendicular to

—

w.
12.4 Kinetic energy
Be= 23 ma? = 23 et (1 4 47) = S
2 - o2 - ’ ! 2

B = —wyid + wrig

ST

Wector triple-product identity: @ x (b x &) = b (@- @) — &(

-b).
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12.5 Parallel axis theorem

If the rotation axis does not pass the center of mass, denote the distance between the mass
center and the rotation axis as r., then

I, =1I. + Mr?,

where I., is the moment of inertia about the parallel axis through the center of mass. In
the following proof, 75, 7%, and 7/ denote projections onto the plane perpendicular to these
axes; their lengths are distances from the axes, not three-dimensional distances from an
arbitrary origin.

Fig. 5: The parallel-axis theorem uses transverse displacements from two parallel axes.

Write

— —

T =T, + T, 7 is the displacement of “ith point” relative to C
I, = Zmi 7+ 7 = Zmi (r2 + 71+ 27, - 7))
i i
= Mr?®+ 1, + 27, - Zmif;’
i

By definition

Hence
IL.=1.+ M'r’g.
Then ] 1 1
Ek = 5 zw2 = §[czw2 -+ §M (rcw)2.
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For rotation about an axis away from the center of mass, the kinetic energy is the sum of
rotation about the center of mass and translation of the center of mass. Circular translation
alone preserves the orientation of the body; rotation also changes that orientation.

A A

e } e }
Circular translation Rotation about an axis away
Orientation fixed from the center of mass

Fig. 6: Motion of the center of mass and rotation about the center of mass are distinct
contributions.

12.5.1 Examples of moment of inertia

(1) Uniform thin rod — transverse axis through the center of mass. Here p = M /L is linear
mass density.

Y
8

—L/2 L/2
Fig. 7: A thin rod rotates about a transverse axis through its midpoint.
L/2 L
I.= / pr?dr = Pp3?
_L/2 3 —%

:ﬁLi’):M:%L?
12 12 12

If the rotation axis is located at one end, then

L\*> M
L=I1.+M(=) ==L
2 3
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(2) Uniform circular disk — normal axis through its center. Here p = M /(7w R?) is surface

mass density.

IS

HR

Y
N

X

Fig. 8: A disk rotates about the normal through its center.

2
I_/da:/dyp:c+y —p/ rdr/ df r*

R = —MR2

:27rp-—:(7rR2)7 5

4

(3) Uniform rectangular plate — normal axis through its center. Here p = M /(ab) is surface

mass density.
/ |

// /

a

Y
8

A
y

Fig. 9: A rectangular plate rotates about the normal through its center.

b/2
I, —/ dx/ dyp T —|—y)
—a/2 b/2

o (ba® ab®\  pab o Mo,
—p(§+ﬁ)_§(a —|—b)—ﬁ(a +b°)
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(4) Uniform solid sphere — rotation about a diameter. Here p = 3M /(47 R?) is volume
mass density.

x = rsinfcosp

y = rsinfsinp 26/_"
= )
D

X

Fig. 10: A uniform solid sphere rotates about a diameter; the perpendicular distance is
rsiné.

I:/p(r251n29) r?sin 0 dr df dy
R ™ 27
:,0/ r4dr/ sin3«9d9/ dy
0 0 0

™ ™ 1
/ sin® 0 df = —/ sin? 0 d(cos 0) = / (1 —2%)dx
0 0 -1

R®
]:p?—2ﬂ'
4 3 2 2 2
g — —
(37er) R = MR
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12.6 Equation of motion for fixed-axis rotation

Take a rotation axis fixed in an inertial frame, with & = w2z.

z
B
7

v

X

Fig. 11: Any fixed point on the rotation axis can be used to calculate the axial angular
momentum and torque.

Let's prove
dL,

dt

=71, < external torque

We can choose any fixed point O on the rotation axis as the origin. We proved before

N
L= 7 x F*
t ! K
=1

&.lg‘

We take the z-component:
(1) L, = ILw and

I, = /dxdydz p (x2 +y2)
i.e. L, does not depend on the location of “O” on the axis.

(2)
<T_’; % Fiox> — xi-FZ‘y _ yzﬂx

which does not depend on the z-location of “O” either. Hence, we have

dL,
dt

Tz
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12.6.1 Example: rolling without slipping

For rolling, the center of mass moves. We use > F=M ac for its translation and 7o =
I dw/dt for rotation about the center of mass.

Let I be the moment of inertia about the center of mass and define the dimensionless shape

factor GEARA T)

I
MR?

K =

(1) Constraint: Take positive motion down the incline; choose w so a = Rdw/dt. Static
friction points up the incline when it supplies the torque for rolling.

Up = Uy + W X Top =0

Fig. 12: Rolling down an incline: static friction provides the torque about the center of
mass.

dw
:>U0—CUR:>CL—RE

About the center of mass: J
W
R=T2=
foR dt

Mgsind — f = Ma

dw 1
-~ Ma

= Mgsinf — I
gsin T

I
Mgsinf = <ﬁ+M> a

=a= gsinf

1+k

(2) Energy conservation. Let h be the vertical distance descended from rest; static friction
does no work on a body rolling without slipping on a stationary rigid plane.

1 1 1 1 v\ 2
Mgh = =Mv? + = Iw? = = Mv? _[(_>
gh 5 v—|—2w 5 v+2 I
dh dv
ek e |
:>gdt vdt( + k)
dh . dv gsinf
=wvsinf, a =

dt T at —a= 1+ k&
L12 | © Westlake University 9/11



General Physics I

Conditions for rolling: (1) |f| < psMgcos@, hence, s cannot be too small to achieve rolling
without slipping.
(2) The largest angle for rolling without slipping

1
gsinf (1 — —) < gcosb - g

1+ &
< (1 M R?
:>tan9§@:ﬁ¢5< 7 —|—1>

A race down the same slope

A thin ring, a uniform disk, and a uniform solid ball start from rest at the same height
on a straight incline. All roll without slipping. Which reaches the bottom first? With
the same radius R, their shape factors give

BOdy ‘ K ‘ a/(.g sin 8) ‘ UbQottom/(zgh>

Ring | 1 1/2 1/2
Disk |[1/2| 2/3 2/3
Solid ball | 2/5 5/7 5/7

The ball arrives first, followed by the disk and then the ring. A larger x puts a greater
share of the released gravitational energy into rotation. The mass cancels, and for these
shapes the radius cancels too. This comparison requires sufficient static friction for each
body and neglects rolling resistance.

12.6.2 Example: a cylinder on a rug

Starting with both the rug (#1F£) and the cylinder at rest, pull the horizontal rug with
acceleration @ = —ax, where a > 0, while the cylinder rolls on it without slipping. Let [
be its central moment of inertia and R its radius.

_— 7

Fig. 13: A rug accelerates leftward; friction accelerates the cylinder leftward in the labo-
ratory frame.
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Then describe the motion of the cylinder.
We use the non-inertial frame of the rug.

Fiort = Maz

~
—

f
Fig. 14: In the rug frame, the inertial force points right and static friction points left.

In this frame, the inertial force is
Enert = Maz

Let f > 0 denote the friction magnitude, so f = — fz. Take clockwise rotation as positive
and a’ positive to the right in the rug frame. The torque about the cylinder center gives

dv a f-R

dt R I
and . .
Enert + f = MC—L”

a’ is the acceleration of the cylinder center of mass in the rug frame.

= Md = Ma— Mkad

/ a .
a = =-a iftk=-=
1+x 3 2
The rug acceleration @ = —az = the cylinder
G.=d+d =———ai
c 14k
o a g /A A A
:>ac:—§q:, andf:Max—Max:—?ax
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[1] Original 2025 Lecture 13, Rigid body (I). Diagrams redrawn with the original axes,
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