Lect 2: Vectors, scalar and cross products, rotations
Outline:

(1) Definition of vector. parallelogram law

(2) inner product

(3) Cross product—directed area

(4) Frame and coordinate transformations

(5) invariance of scalar product.

§ vector:

Varies physical quantities have both direction and magnitude
which are represented as vectors. For example, the
displacement, velocity, acceleration. force, etc, are all
vectors. Pictorially, vectors can be represented by a line segment
with a direction.
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the direction of 7 is often denoted as # . The length of #is 1 ,
hence, 7 is often called the unit vector.
—7 has the opposite direction but the same magnitude as 7
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wehave 7+ (—¥) =7 —7=0.
(3) Summation of two vectors
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(3) Components of a vector
Let X, ¥, Z be a set of orthogonal unit vectors.
They define a cartesian coordinate system.
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A vector 7 is written as
¥ =xX+yy+zZ, wherex,y, and z are called the
components. The magnitude of 7 is denoted as r or |r| .

r=\/x2+y2+zz.

(4) inner product (scalar product)
Consider two vectors 77, = 1% + ;9 + 2,2, and 7, = x,% +

yzy + ZZZA .
Define their inner product as

Ty = XX T Y12 + Z12,.
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thenr?2 =7-7
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(5) Geometrical meaning of the inner product
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Applications of the inner product

(1) Equation of a plane
ON is the normal to the plane with the foot N located in the plane.
7 = xX + yy + zZ is an arbitary point on the plane.
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7-ON =r1-|0ON|cos 8 = |ON|?, denote ON = N, % + N,y
+N,2
x - Ny +yN, + zN, = |ON|?

XN, ZN,

. y-N
ie. +—2 4 = 1.
JON|2 "~ |ON|2 " |ON|?

(2) Work

W = Frcos § = F - 7
P=dw/dt =F -d#/dt = F
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(3) Volume swept: by an area
S =Sh (directed area)

Al

The volume = 3.1




§ cross product:
We define the cross product for the basis vectors as

IXX=yXy=2%X2=0
XX7Yy=72 y X Z =X, ZXX =1y,
yXX=-2, IXYy=—X XXZ=-—y
A
A

Right—hand —thread rule

Consider two vectors 4 = AyX + A,y - B = B.X + B,y , then

—

AXB= (A% +A,9) x (B +Byy) = (AyB, — AyB,)?
Ay =|0A|cos 684 A, = |0A|sin 6,
B, = |0OB|cos 6 B, = |OB|sin 6

AXB= |OA| - |OB|(cos 84sin 85 — sin 84cos O5)2Z



Hence, the directed area of a parallegram is Ax B, whose
direction is perpendicular to the plane following the right—hand —
thread rule.

This conclusion is also true for the general case of vectors A and

-

B.

Then
0y 2
C=AxB=|4x Ay A;|=x(A,B,—A,B,))
B, B, B,

+37(Asz _ Asz)
+2(AxBy, — AyBy)

please notice the cyclic (rotation) pattern of indices.

C-A=A,(A,B, —A,B)) + A (A,By — AB,) + A,(AyB, — A,B,) = 0

Ae A, A,
Oré)-,éf: Ax Ay AZ=O
By By z

Similarly, C-B=0=Cl plane spanned by A B

The direction of C follows the right—hand rule for the special case
discussed for 4 - B lying in the xy plane. Since the right or left-
hand convention cannot be changed smoothly, the right-hand
convention is maintained for the general case.
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IC|? = (A,B, — A,By)" + (A;By — AxB,)? + (AxB, —A,B,)
= (A2 + A2+ AZ)(BZ + B2+ BZ)— (AyBx + A B, + AZBZ)2
= |A)?|B|?> — |A - B|?> = |A|?|B|*(1 — cos? 6) = |A|*|B|?sin® 6

Hence C is the direted area of the parallagram A x B for the
general case !

It” s easy to check that Ax B =—B xA . The direction of the
area B X 4 is opposite to that of AXB .

Volume of a parallel piped

Sz - 0C = (0A x OB) - (00)



or simply (/T X §) .C.
We could also interpret this volume as §BC .04 = (§ x C ) - A
and S, - OB = (C xA) - B .
The scalar triple 1s invariant under cyclically permutation.
(AxB)-C=(BxC)-A=(CxA4A)-B
=—(BxAC=—(CxB)-A=—-(A%xC)-B
— 'sign appears for exchanging two vectors.

examples:
(1) angular momentum

L=7%Xp=mixv



(3) torque
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(3) Lerentz force

# x B ( Gaussian )

% x B (SI)




§ Frame transformation — passive view

Consider two frames with the base vectors (X', y’,2") and (%, ¥, 2)
withZ =2',

but X, y and x', ' are rotated at the angle of 8 .

%' = Xcos O + ysin O

Al ~IN _ o o~ [COS B —sin 6
ﬁ’=—fcsin9+)7c059:>(x'y)_(x'y)( )

sin & cos 6@

Matrix:
J
A = ( ‘K w Yo/
n colowrn

matrix product C = AB
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I hi!\cd aj&kc, bj+o(h
(A1) = 4j;

b\' (a c

((cl d) = (b d) T — transpose
Coordinate transformation:

r= xX+yy

— xlﬁl +yl}’>l

X\ _ (cos & —sin 0\ (X
= (y) B (sin 6 cos 6 )<y’)

x"\ _(cos 6 sin @ (x)
= (y’) B (—sin 6 cos 0) y

P cos & —sin 0
(x,y') = (xy) (sin 6 cos 6O )



* Invariance of inner product

= Xx; + yy,,7, = Xx, + ¥y, = unden the basis(X, y)
wehave 1y - 7 = X120, + y1v, = (X1 Y1) (iz)
Similarly under the basis of (%', 9") , we urite

!
X
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Tl—xx2+yy1,7”2—xx2+yy2='7‘1-7‘2—(xl,y1)<y,)
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Are they consistent? Yes, otherwise it does not look good.
!/
Proof: (x; i) (xf) =
Y2

s (G wose) Con cos ) G

e} ()= ()
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This makes sense that 7 - 7, = |ry||r | cos 8, , which should
be independent of frame transformation, and this is why
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7, - T, is called the scalor product:

scalar: a quantity is invariant under the frame
transformation:

— Initiative viewpoint: fix frame but rotate the vector
x' =rcos (6 + a) =r(cosfcos a —sinf sin a)
=cosfx —sinfy

y' =rsin (0 + @) =r(sinf cos a + cos sin a)
=sinfx +cosfy

x' __(cos 8 —sin 0 (x)
:><y’> B (sin 6 cos 6 ) y
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consider a pair of vectors 74, 7, rotate around the Z—axis at the
angle of 6

d |

we arrive at 7,7, , thenit’ seasytoshow? -7, =7, -7, .
cos 8 —sin 9)
sin & cos 6

We denote transformation matrix U = (

X X
? =(x1y1)uTu( 2)

77y = (x1,¥1)
)

2

please check u'u = I, which we call u" and u orthogonal
matrix.



