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Lecture 12 Appendix: Conic Sections ([BI#EHIZk)

The conic sections ([E#EHHZ%) are the family of curves obtained by intersecting
a plane with a double-napped right circular cone OREHEM) . Their geometric
shapes depend solely on the angle between the cutting plane and the cone’ s

axis (G1ZR) .
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Figure 1: Conic sections formed by slicing a double-napped cone at different

angles (BIHEARBATEAILAPRED

§ 1. Definition (G&X)
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Figure 2: Conic sections general definition.

A conic section is the locus of all points (SFJ#IZ) P such that the ratio
of its distance to a fixed point F (called the focus fisi) and to a fixed line L
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(called the directrix {fi£R) is constant:

FP
PP

= €.

The constant e is called the eccentricity (BJL¥3) .

e e<1: ellipse (M) ;
« ¢ =1: parabola (JUPIZR) ;
e ¢ > 1: hyperbola (AUHhZR) .

In Cartesian coordinates (B fiI2EFRZR) the general quadratic equation of a conic
is
Az? + By +Cy?> + Dz + Ey+ F =0,

where A, B,C, D, E, F are constants. The discriminant A = B2 — 4AC deter-
mines the type of conic:

A <0 ellipse or circle (HFEKE) |

A =0 parabola (JULL) |

A >0 hyperbola (FUHHZR) .

§ 2. Polar Equation (B2Bbn7ife)

When the focus is placed at the origin (Jifi) and the directrix is perpendicular
to the polar axis (A%%) , the conic can be expressed in polar coordinates (A%
PIRR) as:

c
r=-—,
1+ ecost

where c is called the semi-latus rectum (Pj#if#) | a constant determining
the scale of the curve.
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Figure 3: Conic sections in polar coordinates (Hz2EFR NHYEIHERIZRE) .

§ 3. Generation by Plane—Cone Intersection (HE#EADIHI
ERR)

Consider a right circular cone (E[E#E) with half-angle . When a plane cuts
the cone at an angle (8 relative to its axis:

e B> a: ellipse (HHE) ;
e 3= a: parabola (I¥£%) ;
e B < a: hyperbola (RiZk) .

Thus all conic sections can be viewed as plane—cone intersections, and their
eccentricity depends on these angles:
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